The magnetorotational instability ͑MRI͒ in differential rotating dusty plasmas with dissipative effects is investigated by using local linear analysis. We assume that the dust grains are heavy enough to be immobile so that the dust effects are contained in our model only by introducing an electric field term in the one-fluid equation of plasma motion. The general local dispersion relation is derived and two limiting cases are discussed with respect to the dust-induced effect. The instability criterions in the different limiting cases are presented and the growth rate of local MRI in the last case is demonstrated.
I. INTRODUCTION
The axisymmetric shear instability in magnetized plasmas, referred to as magnetorotational instability ͑MRI͒ here, was first discovered by Velikhov 1 and then confirmed by Chandrasekhar.
2 Later, Fricke 3 studied the local shearing instability of stellar differential rotation in magnetized plasmas. Afterward, MRI did not attract sufficient interest from either the astrophysical community such as accretion disk theory or laboratory researchers. It did not become an important subject until Balbus and Hawley restudied and applied it to the accretion disks to investigate the anomalous viscosity problem, as described in Ref. 4 decades later. They showed that the growth rate was independent of the strength of the magnetic field and even weak magnetic field altered the stability criterion of rotating flows. Since then, there has been growing interest in the applications of MRI on astrophysical problems concerning magnetized accretion disks ͑see, for example, Refs. 5-14͒, protoplanetary disks, [15] [16] [17] [18] [19] [20] stellar disks, 21, 22 core-collapse supernovae, [23] [24] [25] [26] and protoneutron stars 27, 28 since MRI is believed to be one of the leading candidate in driving plasma turbulence. [29] [30] [31] [32] [33] Spurred by the astrophysical significance of MRI ͑see, for example, three excellent reviews [34] [35] [36] ͒ in conjunction with a deceptively simple setup, namely, the Couette-flow configuration, [37] [38] [39] [40] [41] [42] [43] [44] studies of MRI have proliferated in terms of both theoretical analyses 37, [45] [46] [47] [48] [49] and experimental studies. 38, [50] [51] [52] [53] In recent years, many analytical and numerical studies have been carried out by taking into account increasingly complex and realistic assumptions to investigate the linear and nonlinear properties of MRI, including effects due to the resistivity and viscosity, 37, 46, [54] [55] [56] global boundary condition, 57, 58 Hall term, 22, 59, 60 two and three dimensions, [61] [62] [63] collisional and collisionless approximation,  64-66 ambipolar  diffusion, 18,67 general relativity, 68 finite Larmor radius, 69 and so on.
Ji et al. 37 studied MRI by considering the resistivity and viscosity dissipative effects in a rotating liquid metal annulus in connection with the Couette flow. The instability criterion was presented. Recently, dust-induced effect on MRI has attracted attention. 19, 70, 71 For instance, Mikhailovskii et al. 70 studied the MRI in dusty plasmas ͑as opposite to the pure plasmas͒ based on the one-fluid magnetohydrodynamic ͑MHD͒ approach generalized to include the immobile dust effects. The mode equation and local dispersion relation were derived. The instability criterion and growth rate were both given. However, previous models concerning MRI have not taken into account the presence of dust grains and dissipative effect simultaneously. It is expected that the instability criterion is strongly modified if both factors are considered and has motivated this study. Here, we investigate the linear axisymmetric instability of a differential rotating dusty plasma by taking into account the resistivity and viscosity dissipative effects. We obtain the general local dispersion relation and discuss some limiting cases. Dust-induced effects are shown to be significant. This paper is organized as follows: In Sec. II, the basic set of equations of dissipative MHD model including dust effect is presented. Equilibrium condition is also discussed. The local linear dispersion relation is derived and described in Sec. III. Section IV is devoted to the analysis about the dispersion relation in four limiting cases. Finally, the discussion and conclusion are given in Sec.
The dust effects are incorporated in our model only through the electric field term in the equation above. The fluid is assumed to be incompressible and the incompressible condition reads
The divergence-free property of the magnetic field is
and the magnetic diffusing equation is
Ohm's law is
͑5͒
Here = M i n i is the ion mass density, M i is the ion mass, V is the ion velocity, e is the negative electron charge, Z d is the number of excessive of dust grains,
is the convective derivation, g is the gravitation acceleration, is the kinetic viscosity, is the magnetic diffusivity, and E and B are the electric and magnetic fields, respectively. Equations ͑1͒-͑5͒ constitute the basic set of incompressible and dissipative MHD equations which describes the dynamics of a dissipative dusty plasma in the presence of immobile dust.
B. Equilibrium condition
We consider an axisymmetric plasma rotating in the azimuthal direction with the angular frequency ⍀ = ⍀͑r͒ and use a standard cylindrical coordinate system ͑r , , z͒. The equilibrium quantities are V 0 = ͑0,r⍀ ,0͒, B 0 = ͑0,0,B 0 ͒, and g = ͑g ,0,0͒. The equilibrium electric field E 0 is determined from Eq. ͑5͒ giving
where ê r is the unit vector along the radial direction. In addition, ê and ê z are the unit vectors along the azimuthal and z directions, respectively. The motion equation provides the radial and azimuthal equilibrium conditions as
respectively. Here 0 and p 0 are the equilibrium plasma density and pressure, respectively. The prime of p 0 is the radial derivative. ⍀ d is the dust-effective rotational frequency defined by
The azimuthal equilibrium ͑8͒ requires
where a and b are constants independent of the radii r. The relationship above can be rewritten as r 3 ‫ץ‬ ⍀ / ‫ץ‬r = const. This differential rotating profile is coincident with that in the ideal Taylor-Couette flow involving a liquid confined between rotating coaxial cylinders. 37, 38, 72 
III. LOCAL DISPERSION RELATION
In this section, we derive the dispersion relation of the MRI. In the cylindrical coordinates, the perturbed velocity is V 1 = ͑Ṽ r , Ṽ , Ṽ z ͒ and perturbed magnetic field is B 1 = ͑B r , B , B z ͒. The perturbed mass density and pressure are and p, respectively. Each perturbed quantity is assumed to be proportional to exp͑−it + ik z z͒. All perturbations are supposed to be axisymmetrical.
The ͑r , ͒th components of the perturbed magnetic fields can be obtained by using the magnetic diffusing equation ͑4͒,
͑12͒
where ‫ץ‬ r is denoted for ‫ץ‬ / ‫ץ‬r and
The third component B z can be deduced from ٌ · B 1 =0, which gives
Using Ohm's law ͑5͒, we obtain the three components of the perturbed electric fields,
͑17͒
By means of the perturbed electric fields above, we obtain the ͑r , , z͒th projections of the perturbed plasma motion equation ͑1͒ as
Here V A = B 0 / ͱ 0 0 is the Alfvén speed and 2 = ͑2⍀ / r͒ ‫ץ‬ ͑r 2 ⍀͒ / ‫ץ‬r =4⍀ 2 + ‫ץ‬⍀ 2 / ‫ץ‬ ln r is the square of the epicyclic frequency or Rayleigh's discriminant. 2 In the Keplerian differential rotation system ͑i.e., ⍀ϰr −3/2 ͒, 18,34 = ⍀. However, the presence of viscosity effect requires condition ͑10͒, implying that the Keplerian rotation approximation occurs only in the absence of viscosity dissipation. In fact, the foregoing derivation procedure seems to apply to an arbitrary differential rotating system with ⍀ = ⍀͑r͒ if we ignore the viscosity. Since viscosity results from local velocity shearing, the differential rotating profile ⍀ is consequently restricted when viscosity is included in the MHD equations. Using Eqs. ͑11͒ and ͑12͒, we express the perturbed velocities Ṽ r and Ṽ in terms of B r and B ,
͑22͒
The perturbed velocity Ṽ z in terms of Ṽ r is given by the incompressible condition ͑2͒ as
In our model, we set the plasma density 0 = const. The incompressible approximation d / dt = 0 indicates that =0. The perturbed pressure p can be obtained by using Eq. ͑20͒ as
Substituting the formula above into Eq. ͑18͒, we obtain
Equations ͑14͒, ͑19͒, ͑21͒-͑23͒, and ͑25͒ constitute a complete set of equations describing Ṽ r , Ṽ , Ṽ z , B r , B , and B z , respectively. Substituting Eqs. ͑14͒ and ͑21͒-͑23͒ into Eqs. ͑19͒ and ͑25͒, we obtain the dispersion relation. Here, we are restricted to the local dispersion relation by assuming that B r = B r ͑r͒exp͑ik r r͒ ͑26͒
and
where B r ͑r͒ and B ͑r͒ are the slowing varying amplitudes.
The local approximation requires kr ӷ 1, where k = ͱ k z 2 + k r 2 is the total wave number. This ordering relationship implies that we can neglect all the 1 / r terms compared to k. In this case, we have Br = ik r B r ͑28͒
and B = ik r B . ͑29͒
As a result, we obtain
Substituting Eqs. ͑30a͒-͑30d͒ into Eq. ͑25͒ and neglecting all the 1 / r terms compared to k, we have
͑31͒
Substituting Eqs. ͑30a͒-͑30d͒ into Eq. ͑19͒ yields
where
The two equations above give the local dispersion relation of the MRI,
Following Ref. 37 , we introduce a dimensionless parameter, = 2 / ͑2⍀ 2 ͒ ‫ץ+2=‬ ln ⍀ / ‫ץ‬ ln r, and three frequencies: ϵ k 2 , ϵ k 2 , and A ϵ k z V A . We then define four dimensionless parameters: Prandtl number, P m ϵ / , Lundquist number, S ϵ A / , magnetic Reynolds number, R m ϵ ⍀ / , and dust gyronumber, R d ϵ ⍀ d / . We also define 2 ϵ k 2 / k z 2 − 1. Besides, all the k r ‫ץ‬ r terms are supposed to be much less than k 2 terms. By introducing the normalized growth rate, ␥ =−i / , the dispersion relation above can be rewritten as
IV. LIMITING CASES
The general local dispersion relation ͑35͒ is discussed here in detail by taking into account various limits.
͑I͒
In ideal MHD limit, viz., = 0 and = 0, one finds P m = 0. Only terms of O͑1 / 4 ͒ can be kept and then the dispersion relation ͑35͒ is reduced to
The formula above can be re-expressed by using the original parameters as
which is identical with the dispersion relation derived in Ref. 70 . For ⍀ d = 0, the earlier result 4 is recovered.
To obtain the instability criterion, we rewrite the formula above as follows:
͑38͒
One can see that the instability takes place provided that 70 
‫ץ‬⍀
For weak magnetic field and ⍀ d =0 ͑or ‫ץ‬⍀ d / ‫ץ‬r =0͒, the stability criterion becomes the Balbus criterion, 4 that is, ‫ץ‬⍀ / ‫ץ‬ ln r Ͼ 0 or in other words, Ͼ 2.
which is identical to the one reported in Ref. 37 . Since the left-hand side of Eq. ͑40͒ is a function that increases monotonically with ␥, the condition of stability is that the value of the dispersion relation at ␥ =0 remains positive, which leads to the Ji-GoodmanKageyama criterion, 
One can see that the left-hand side of the equation above is a function which increases monotonically with ␥. Hence the instability condition is
The dust-induced effect on the MRI is represented by the last term on the left-hand side of the formula above. In ideal MHD limit, as → 0, the three terms S 4 , S 2 R m 2 , and R m S 2 ‫ץ‬ R d / ‫ץ‬ ln r approach infinitude faster than the others, yielding the instability condition
It is easy to find that this stability criterion can be recovered if we let ‫ץ‬⍀ d / ‫ץ‬ ln r ӷ⍀ d in the previous instability criterion ͑39͒. The criterion here is identical to the one reported in Ref. 37 for pure plasmas, i.e., R d = 0. For weak field approximation ͑i.e., S → 0͒, one gets Ͼ 2 for stability condition, i.e., the Balbus criterion. 4 The instability criterion ͑43͒ yields
͑44͒
It can been seen that there exists a maximum beyond which MRI is absent for the given R d , R m , and . From the equation above, one finds
when the value of S is given by S 2 = ͱ ⌳ − 1, where
On the other hand, S 2 Ն 0 requires ⌳Ͼ1, which yields R m Ͼ ͱ 1+ 2 / 2 for P m =1 ͑i.e., viscosity approximates resistivity͒, and R m Ͼ ͑1 / 4͒ ‫ץ‬ R d / ‫ץ‬ ln r for P m =0 ͑i.e., viscosity is much smaller than resistivity͒. If ⌳Ͻ1, i.e., R m Ͻ ͱ 1+ 2 / 2 for P m = 1 and R m Ͻ ͑1 / 4͒ ‫ץ‬ R d / ‫ץ‬ ln r for P m =0, will reach its maximum at S Ӎ 0, which gives
It should be pointed out that S cannot exactly equals zero since R d becomes zero when S =0. 
͑48͒
which has roots for the growth rate ␥ as
where we have denoted
which is always positive. Note that
hence we can see that In conclusion, the instability criterion is that c Յ −a − b, which means that
It is clear that the equation above is identical to the criterion ͑43͒ for P m = 1. It should be emphasized that criterion ͑43͒ is satisfied only when ‫ץ‬R d / ‫ץ‬ ln r is positive, whereas criterion ͑51͒ does not require such a limit of the sigh of ‫ץ‬R d / ‫ץ‬ ln r but a much greater absolute value of that term compared to R d and requires R m ӷ R d . Due to the same expressions of Eqs. ͑43͒ and ͑51͒, we can directly arrive at some conclusions derived in case ͑III͒.
The maximum of is determined by Eq. ͑45͒,
for R m Ͼ ͱ 1+ 2 / 2, and determined by Eq. ͑47͒, 
for R m Ͻ ͱ 1+ 2 / 2. Finally, the growth rate of MRI is determined by
V. DISCUSSION AND CONCLUSION
Equations ͑34͒, ͑35͒, ͑42͒-͑45͒, ͑47͒, and ͑51͒-͑54͒ are the main mathematical results of the present paper, which provide physical descriptions and interpretations on the MRI in dissipative dusty plasmas. Equation ͑34͒ gives the general dispersion relation of the MRI in axisymmetric dissipative dusty plasmas. Four limiting cases are discussed in detail. The simplified dispersion relation ͑35͒ can be reduced to the ideal MHD result ͓see Eq. ͑37͔͒ for ⍀ d 0 and dissipative MHD result for ⍀ d =0 ͓see Eq. ͑40͔͒, respectively. The third limiting case in which ‫ץ‬⍀ d / ‫ץ‬ ln r ӷ⍀ d and the last small-R d limiting case in which ͉‫ץ‬⍀ d / ‫ץ‬ ln r͉ ӷ⍀ d attract our main attentions. For the third case, the simplified dispersion relation ͑35͒ is reduced to Eq. ͑42͒. Based on Eq. ͑42͒, we present the instability criterion ͑43͒ in this case. We also show that the normalized epicyclic frequency should satisfy the inequality relation ͑44͒ and thus has a maximum, which is given by Eq. ͑45͒ ͓Eq. ͑52͒ for case ͑IV͔͒ for ⌳Ͼ1 and Eq. ͑47͒ ͓Eq. ͑53͒ for case ͑IV͔͒ for ⌳Ͻ1, respectively. The explicit analytic expression of the growth rate is presented in Eq. ͑54͒. It is easy to find that the dust-induced effect, represented by R d , is significant. It alters the instability criterion significantly. Equations ͑45͒ and ͑52͒ indicate that is less than 2 for instability, which is coincident with the previous results ͑see Ref. 37͒. When the dust effect becomes dominant, this upper limit is broken, which is confirmed by Eqs. ͑47͒ and ͑53͒. Equation ͑47͒ implies max 2 Յ 0, while Eq. ͑53͒ shows that the maximum of can be greater than 2 if −‫ץ‬R d / ‫ץ‬ ln r is huge enough. This is a new feature in the presence of dust grains.
We stress that the R m Ͻ ͑1 / 4͒ ‫ץ‬ R d / ‫ץ‬ ln r case is purely induced by the presence of dust. In pure plasmas, i.e., without dust grains, this unstable mode does not exist. Physically, since the MRI is absent if we set R m = 0, this MRI mode with dust-induced effect is also driven by the differential plasma rotation. The presence of immobile charged dust component results in the charge imbalance between electrons and ions consequently introducing an electric field term containing ⍀ d into the motion equation, as shown in the one-fluid equation ͑1͒.
It should be pointed out that we have restricted our analysis to the local axisymmetric linear modes and high ␤ approximation, where ␤ is the ratio of plasma kinetic pressure to the magnetic field pressure. As reported in Ref. 70 , a new kind of axisymmetric instability, referred to as dustinduced rotational instabilities, which corresponds to low ␤, can be aroused in the absence of differential plasma rotation.
Hence, it is expected that MRI will demonstrate new features when we consider low-␤ approximation and drop the incompressible condition. While this is beyond the scope of this paper, it is a subject of future research.
